The present paper extends the "Erlangization" idea introduced by Asmussen, Avram, and Usabel (2002) to the Sparre-Andersen and stationary renewal risk models. Erlangization yields an asymptoticallyexact method for calculating finite time ruin probabilities with phasetype claim amounts. The method is based on finding the probability of ruin prior to a phase-type random horizon, independent of the 1 risk process. When the horizon follows an Erlang-l distribution, the method provides a sequence of approximations that converges to the true finite-time ruin probability as l increases. Furthermore, the random horizon is easier to work with, so that very accurate probabilities of ruin are obtained with comparatively little computational effort.
Introduction
The present paper is concerned with the determination of the probability of ruin in finite time in the Sparre-Andersen risk model and the stationary renewal risk model (also known as the stationary Sparre-Andersen model).
Traditionally, the exact determination of finite time ruin probabilities, in both the classical and the Sparre-Andersen risk models, has required the solution of rather complicated integro-differential equations. Explicit formulae for the probability of ruin exist for a limited number of cases, such as the classical model with exponential claim sizes. Even then, the form of the solution entails the evaluation of Bessel functions (see, for instance, Drekic & Willmot (2003) ).
A popular alternative to working in continuous time in the classical model was introduced by Dickson & Waters (1991) , who discretise time, and develop a recursion at successive time instants. As a result, one is able to avoid the solution of integro-differential equations. Stanford & Stroiński (1994) pursued a recursive approach, without needing to discretise, for the classical model, and this was extended for a limited selection of Sparre-Andersen models in Stanford, Stroiński, & Lee (2000) . However, these two papers embed their recursions at claim epochs, thereby obtaining a sequence of exact probabilities of being ruined prior to the nth claim instant -a random quantity -rather than by time t. The main problem with this approach is that one cannot infer finite-time ruin probabilities, since claim occurrence times are correlated with the likelihood of ruin.
This difficulty was circumvented by Avram & Usabel (2003) , who introduced the concept of ruin prior to an independent exponentially-distributed random horizon. This idea was extended in Asmussen, Avram & Usabel (2002) to the case of ruin before an independent phase-distributed horizon.
A sequence of asymptotically-exact approximations is obtained when the horizon is Erlang-l distributed, as the degree l approaches infinity. As the numerical examples therein illustrate, a very reasonable approximation to the finite-time ruin probability is obtained, even for low order Erlang distributions, and this is further enhanced by resorting to a Richardson extrapolation.
By contrast, no "accurate yet efficient" method for calculating finitetime ruin probabilities currently exists in the Sparre-Andersen model. To our knowledge, there are only two lines of thought that present accurate finite-time ruin probabilities for the continuous-time Sparre Andersen model. Wikstad (1971) and Thorin & Wikstad (1973 , 1977 use an advanced root-finding approach to determine finite time ruin probabilities, while Asmussen & Højgaard (1999) present a diffusion approximation for the finite-time ruin probability. Both of these are substantially more complicated than the Erlangization approach presented here. Furthermore, our results have the added advantage of being asymptotically exact.
The present work uses a probabilistic approach to analyze the structure of the ruin probability in the Sparre-Andersen model with phase-type claims, and exploits links to previous results due to Asmussen (2000) as well as results due to da Silva Soares & Latouche (2002) in the field of fluid queues. It is this latter approach that leads to our most efficient computational algorithms for the ruin probability.
The next four sections develop our probabilistic approach, following which corollaries relating to the deficit upon ruin are given. Numerical examples are given in section 7 to illustrate the method's accuracy. We conclude with comments on computational issues.
Initial Formulation of the Ruin Probability Prior to a Phase-Type Horizon
Inter-claim times (ICTs) {Y i ; i = 1, 2, . . .} in the Sparre-Andersen risk model constitute an independent and identically distributed (iid) renewal process with distribution function A(t) = P r{Y i ≤ t}. Claim amounts {X i ; i = 1, 2, . . .} are iid random variables with a distribution of "phase type with representation (β, B)", meaning that P (x) = P r{X i ≤ x} = 1−β exp(Bx) e, where exp(.) denotes the matrix exponential, and e a column vector of ones.
Claim amounts are independent of the inter-claim times.
A "relative security loading" θ > 0 is charged on the expected payout per unit time, so premiums are accrued linearly over time at rate c = (1 + θ)E{X}/E{Y }. The insurer's surplus at time t is
u ≥ 0 is the initial surplus. The time of ruin is τ = inf{t : U t < 0}, or τ = ∞ if U t ≥ 0 for all t ≥ 0. By rescaling time so that c = 1, we can also interpret A(t) as the probability that the "inter-claim revenue" does not exceed t, consistent with the terminology in Asmussen (2000) . The probability of ultimate ruin is ψ(u) = P r{τ < ∞}, and the finite-time ruin probability is
When claim amounts X i ∼ P H m (β, B), the ruin probability for a wide variety of models takes the form
where b = −Be and the vector η is a defective probability vector. η takes various forms, dependent on the model. For the classical model, see for example Asmussen and Rolski (1991) and Avram and Usabel (2003 for η is the result of a fixed-point calculation, and the line of thought in its determination plays a key role in our extension of Asmussen et al (2002) .
The fixed-point formula for the Sparre-Andersen case is
and its probabilistic reasoning is as follows. Conditioning on the amount of revenue t earned during the inter-claim time, we seek the state of the underlying transient Markov chain at an "upcrossing" of the current level;
i.e., the point where the maximal aggregate loss exceeds t (if indeed it ever does). The generator for transitions among the transient states is (B + bη).
This allows both for direct transitions during a single claim via the matrix B,
and indirect ones when a claim ends but a subsequent ladder height restarts the process; the rates of these indirect transitions are given in the matrix bη. The resulting probability vector at the up-crossing, conditioned on t, is β exp{t(B + bη)}. Removing the conditioning on t yields (??).
We turn now to a brief review of Asmussen et al (2002) , whose development of the Erlangization approach for the classical risk model forms the starting point for our extension. Assume that the horizon is phase-type (ν, H) of dimension l, with h = −He denoting the rates of absorption. Asmussen et al (2002) establish that the form of the ruin probability prior to a phase-distributed horizon ψ(u, H) is given by
where η is now a matrix of probabilities of size l × lm, and
where "⊗" refers to the Kronecker product. The matrix η represents the "up-crossing probabilities" (see Asmussen et al (2002) ) that, starting from each horizon phase, the process will be in the various combinations of horizon phase and claim state at the next up-crossing of the current level.
In what follows, we establish that (??) is still valid in the Sparre-Andersen case. However, the approach in Asmussen et al (2002) 1. Between claims, the state tracks the phase of the horizon, with the transition probabilities of the phases after time t given by exp{Ht}.
2. When a claim occurs, the horizon phase is "frozen", and the claim state evolves until the claim is fully paid. Mathematically, this enlargement
y 1 y 2 y 3 y 4 y 5 y 6 of φ t is described by the matrix
3. During artificial time segments, Asmussen et al (2002) show that the phase φ t evolves according to a generator U given by (??). What changes is the equation for η, which is obtained similarly to (??) by conditioning on the inter-claim time t, yielding the following:
When the horizon's phase is Erlang-distributed, ν = (1, 0, . . . , 0), and the matrix η takes an upper triangular, block Toeplitz form: (2002)).
An Alternative Embedding Approach
Rather than expanding the state space when the claim occurs, one could select the initial claim phase at the beginning, and "freeze" it during the interclaim time. In this case, exp{Ht} is replaced by exp{(H ⊗ I m )t}, yielding
where the Kronecker sum operator "⊕" is defined for square matrices A and Corollary 1: The matrix η can also be obtained as the solution to
whenever the infinite sums converge (where M n denotes the nth moment of the inter-claim time distribution).
Proof: Follows directly from expansion of the matrix exponentials.
Remark: We note in particular that the sum does not converge for lognormal inter-claim times, despite the existence of all the moments M n .
Lemma 2: The matrices (H ⊗ I m ) and U commute.
Therefore, it is sufficient for us to show that (H ⊗ I m ) commutes with U =
The implicit form of (??) suggests a sequence of matrices
starting from G 0 = 0. It is readily observed that the sequence of matrices {G k } is monotonically non-decreasing entry-wise, and each is bounded above by G, so that there exists a limit to the sequence.
We now show the sequence converges to G itself. Observe that
represents the matrix of probabilities that the horizon is not reached before the next claim, and the claim amount exceeds the revenue earned during the inter-claim time. Similarly,
represents the matrix of probabilities that the horizon is not reached before the next claim, and either a) the claim amount exceeds the revenue earned during the inter-claim time, or b) during the subsequent inter-claim time, the horizon still is not reached, and that claim amount exceeds the revenue earned during that interval. Continuing in this way, the sequence of matrices on both sides converges to the true matrix G, yielding (??).
Furthermore, (H ⊗ I m ) commutes with each matrix in the sequence, and consequently with the limit of the sequence, which is G. Therefore necessarily it commutes with U = (I l ⊗ B) + (I l ⊗ bβ)G, which completes the proof.
Corollary 3: Suppose that inter-claim times are phase-distributed with representation (α, A) of order n. Then it follows that, for a = −Ae,
Furthermore, the matrix η satisfies
and the following sequence of approximations converges to η: η 0 = 0, Removing the conditioning on y, and integrating from 0 to infinity yields
The expression under the integral sign is similar to equation (12) Among the biggest advantages of this approach is the fact that the order of the matrices being determined is l × (m + n), which is typically much smaller than those needed using the matrix moment generating function, where the matrices are of size l × m × n.
The Stationary Sparre-Andersen Case
Typically claim occurrence processes are assumed to operate independently of the period when coverage comes into effect. The "stationary SparreAndersen" model reflects this by treating the time until the first claim occurs as a forward recurrence time. The only impact this introduces is a new probability matrix η (s) at the first ladder height. Denoting the distribution function of the forward recurrence time by A * (t), one obtains
The latter of these integrals can be simplified further, by relating it to the equation for η. Upon integrating (??) by parts, one finds
Substitution of this in the foregoing expression, and evaluation of the first integral yields Asmussen (2000) when there is no horizon. This is readily verified after tedious manipulations by selecting an exponential horizon in (??) and letting the rate approach 0.
Deficit at Ruin Prior to a PH Horizon
When ruin occurs prior to a phase-type horizon being reached, the size of the deficit at ruin is also phase-type. The probability vector νηe U u contains the probabilities of being in the various pairings of horizon stage and claim phase at the moment of ruin. Aggregating appropriately over all possible horizon stages, we can obtain the proper initial probability vector for this phase type formulation, as the entire deficit comes from the claim causing ruin.
Corollary 5: The deficit at the time of ruin, given that ruin occurs prior to a phase-type horizon PH(ν, H), has a phase-type distribution with representation PH(Cνηe 
Numerical Examples
Two examples have been selected, to illustrate the accuracy and the speed of convergence of the approximation. The first is from Thorin & Wikstad (1973) , where an advanced root-finding approach was used to determine finite time ruin probabilities. Their Table 8 ; see Thorin & Wikstad (1973) for the parameter values. We present in Table 1 below the results for the case where c = 1.
(The other cases not presented here can be easily handled by an appropriate rescaling of the rates for the phase type inter-claim revenue.)
What Table 1 reveals is a rather quick approach towards the exact probability of ruin for small values of the Erlang order l. Frequently, the approximating probability of ruin when l = 9 is already within 1%, although the error is as large as 3% for the case where T = 1000 and for an initial surplus of u = 100. Clearly, even approximations of relatively small order yield results accurate enough to employ for any decision making purpose. 
When this extrapolation is applied to the previous example, one obtains the approximate probabilities of ruin in Table 2 . One sees immediately that a much better degree of accuracy is obtained, for lesser values of l. For instance, in the "worst case scenario" of Table 1 where T = 1000 and u = 100, the original approximate probability of ruin for l = 9 had a 2.8% relative error. A similar accuracy is obtained using the Richardson extrapolation with l = 1. The conclusion to be drawn is that by combining the Erlangian approximations with the Richardson extrapolation, accurate approximate values can be obtained quite readily.
Of the two methods presented in sections 6 and 7, the η recursion, which is based on inverting matrices of size l × m × n, was such that we were able to use Mathematica without meaningful delay, whenever l was less than 7. (By this we mean that results came back in a matter of seconds; they were available before the user was ready to proceed.) Even for l = 9, the algorithm produced results in less than a minute. In contrast, the second algorithm entailing the determination of the Ψ matrix as per da Silva Soares and Latouche (2002) works with matrices of size l × (m + n). Here results were obtained with no meaningful delay for values of l approaching 30.
Our second example was first proposed by Asmussen & Højgaard (1999) , who presented a corrected diffusion approximation to approximate finite-time ruin probabilities in the Sparre-Andersen model. The claim-size distribution in their Example 4.1 approximates a lognormal distribution by a phase-type approximation of order four, and the interclaim times follow a distribution that is a mixture of four exponentials. Asmussen & Højgaard (1999) considered that no "exact" solution existed for the Sparre-Andersen case, yet our approach provides a sequence that is asymptotically exact. Furthermore, our computations involve straightforward evaluations, relative to the complicated determination of the β 1 coefficient in the corrected diffusion approximation (as observed by the authors). We note that the l = 7 and extrapolated values presented in our table below are consistent with the trajectories of both the corrected diffusion approximation and the simulation, as presented in Figure 2 of Asmussen & Højgaard (1999) . In this example, however, the extrapolated values for l = 1 are smaller than the regular values for l = 7 when T = 10, which is atypical.
Furthermore, the extrapolated value for l = 6 when T = 50 actually exceeds the ultimate ruin probability very slightly. Nonetheless, we would submit that the accuracy of the results for l = 7 is already quite sufficient for any decision making purpose.
The numbers for this second example were run completely using the more time-consuming Mathematica code, yet still each value for l = 7 ran in about 30 seconds. 
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